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Ema Yackel 

Purdue University Calumet 

Abstract: Current interest in mathematics learning that focuses on 
understanding , mathematical reasoning and meaning-making underscores the 
need to develop ways of analyzing classrooms that foster these types of learning. 
In this paper, I show that the constructs of social and sociomathematical norms, 
which grew out of taking a symbolic interactionist perspective, and Toulmins 
scheme of argumentation, as elaborated for mathematics education by 
Krummheuer, provide us with a means to analyze aspects of explanation, 
justification and argumentation in mathematics classrooms, including means 
through which they may be fostered. In addition , l use the example of current 
research in a university-level differential equations class to show how these 
notions can inform instruction in higher-level mathematics. 

In his plenary address to PME in 1994, John Mason said, 

I have long concluded that it is very hard to say anything new that has not been 
said more eloquently elsewhere.... I see working on education not in terms of an 
edifice of knowledge, adding new theorems to old, but rather as a journey of 
self discovery and development in which what others have learned has to be re- 
experienced by each traveller, re-leamed re-integrated and re-expressed in each 
generation, (p. 177) 

He went on to say that “All you can do, if you really want to be truthful is to tell a 
story” (p. 177). 

My purpose in this paper is to tell a story that intends to capture something of what 
I have experienced and learned about explanation, justification and argumentation 
from a variety of mathematics classrooms that I have studied. At the same time, I 
intend to explain why I am telling you this story — what significance this story might 
have for someone else. In this regard, I am following the approach that Streefland 
(1993) took when he said that by analyzing his experiences, in his case in 
instructional design, his goal was to take what was an q/ter-image for him and make 
it possible for that to become a pre - image for someone else working in the same 
arena. Similarly, my intention is to specify various aspects of explanation, 
justification and argumentation that have emerged from my analyses of classrooms 
so it becomes possible for others to use these aspects to inform their future efforts 
in mathematics education research and practice. 

Background 

The research activity that my colleagues and I have been engaged in is classroom 
based and involves conducting classroom teaching experiments that range from six 
weeks to an entire school year or university term. It involves developing 
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instructional sequences and approaches as well as investigating teaching and learning 
as it occurs in the classroom. In this type of research, called developmental or 
design research (Cobb, Stephan, McClain, & Gravemeijer, in press; Gravemeijer, 
1994), the researchers conduct ongoing analyses of classroom activity and use the 
results to inform instructional planning and decision making. It also involves 
retrospective analyses that attempt to explain the nature of the learning that took 
place and to explicate significant aspects of the learning situation. 

Through analyzing these teaching experiments, we 1 have come to understand the 
importance of taking into account the social aspects of learning, including social 
interaction (Cobb, Yackel, & Wood, 1989; Yackel, Cobb, Wood, Wheatley, & 
Merkel, 1990; Yackel & Rasmussen, in press; Yackel, Rasmussen, & King, 2001). 
We have developed an interpretive framework for analyzing classrooms and we 
have explicated theoretical constructs within that framework in terms of our 
experiential base (Cobb & Yackel, 1996; Yackel & Cobb, 1996). Two constructs 
that are particularly relevant to issues of explanation, justification and 
argumentation are social norms and sociomathematical norms. Our investigations 
have pointed to the importance of these two constructs in clarifying both the 
functions that explanation, justification and argumentation serve and the means by 
which they might be fostered in the classroom. Further, the constructs of social and 
sociomathematical norms have been useful in clarifying how we might think of 
explanation, justification and argumentation in mathematics classrooms where 
understanding and meaning-makmg are the focus of instruction. In addition, in 
previous work, I have documented that children as young as second grade engage in 
sophisticated forms of explanation and justification and that their understanding of 
explanation advances as the school year progresses. Finally, I have argued (Yackel, 
1997) that we can use Toulmin’s argumentation scheme, as elaborated for 
mathematics education by Krummheuer (1995), as a methodological tool to 
demonstrate how learning progresses in a classroom. 

All of these ideas were originally developed as a result of research in elementary 
school classrooms. A legitimate question is whether or not any of these results, 
including such constructs as social and sociomathematical norms, are useful in 
analyzing higher-level (including university-level) mathematics instruction in which 
the constraints are (or are perceived to be) different from those in the elementary 
grades. This question is particularly relevant since the amount of research at higher 
levels of mathematics instruction remains relatively small. 

In this paper, I first discuss symbolic interactionism as a theoretical framework. 

Next, I explain what I mean by explanation and justification and discuss normative 
aspects of mathematics classrooms relative to explanation and justification. Then I 
describe how Toulmin’s argumentation scheme can be used as a methodological tool 



1 In using we I am referring to various colleagues that I have worked with to conduct and analyze teaching experiments 
over the past decade and a half including Paul Cobb, Terry Wood, Koeno Gravemeijer, Diana Underwood Gregg Chris 
Rasmussen, and Karen King. 
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to document learning in the classroom. I then discuss how this approach to 
argumentation can be used to explicate the teacher’s role in the classroom. Finally I 
show how these ideas, which are after-images of research conducted in mathematics 
classrooms at the elementary-school level, are being used as pre-images to inform 
current classroom-based research in a university-level mathematics class at my 
umversUy^Indomg so, I demonstrate their utility at the upper levels of mathematics 
learning. At the same time, the crucial role of explanation, justification and 
argumentation in mathematics learning from the lower to the higher levels of 
mathematics becomes apparent. Thus, I answer in the affirmative a question that 
was raised by Duval (2000) in his plenary lecture to PME last year when he asked 

[Ijs there something similar in the process of mathematics learning at the first 
levels and at upper levels?” 

Theoretical Framework 

In ; previous attempts to investigate explanation, justification and argumentation in 
mathematics classrooms, we have found it useful to take a symbolic interactionist 
perspective. Of the various approaches to social interaction, we have taken symbolic 
interaction as a theoretical lens for two reasons. First, it is compatible with 
psychological constructivism, which forms the theoretical basis for our investigation 
of individual learning (Cobb & Bauersfeld, 1995). Second, as Voigt (1996) points 
out the symbolic interactionist approach is particularly useful when studying 

e . n | tS earnin § in inquiry mathematics classrooms 2 because it emphasizes both the 
mqividual s sense-making processes and the social processes without giving primacy 
to 'either one. Thus, we do not attempt to deduce an individual’s learning from 
social processes or vice versa. Instead, individuals are seen to develop personal 
meanings as they participate in the ongoing negotiation of classroom norms. 

Tjie theop' of symbolic interactionism has its roots in the work of George Herbert 
Mead, John Dewey and others and has been developed extensively by Herbert 
Blumer (1969). One of its defining principles is the centrality given to the process 
pf inteipretation m interaction. To put it another way, the position taken by 
symbolic interactionism is that in interacting with one another, individuals have to 
take account of (interpret) what the other is doing or about to do. Each person’s 
actions are formed, in part, as she changes, abandons, retains, or revises her plans 
based on the actions of others. In this sense, social interaction is a process that forms 
human conduct rather than simply a setting in which human conduct takes place. As 
. ume f ( 969) stated, One has to fit one’s own line of activity in some manner to 
the actions of others. The actions of others have to be taken into account and cannot 
e mere y an arena for the expression of what one is disposed to do or sets out to 

$ v (P ;T B ! umer further clarified that the term symbolic interactionism refers to 
the fact that the interaction of interest involves interpretation of action. Attempts to 

staler RiChardS (1991> in USi " 8 labe ' inquiry mat ^ematics classrooms to describe those classrooms in which 
detailed ?. ngage . ln g ® n “ me ma ^ ematJCal d| scusstons with each other and with the teacher. See Yackel (2000) for a 
iscussion o the social and sociomathematical norms that characterize inquiry mathematics classrooms. 
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genuinely communicate involve understanding the meanings of another’s actions 
(Rommetveit, 1985), and so involve symbolic interaction. 

In addition to interpreting actions of others, individuals engaged in interaction 
attempt to indicate to others, through their actions, what their own intentions are. 
Thus, actions have meanings both for the person making them and for the person(s) 
to whom the action is directed. In this sense there is a joint action that arises by the 
articulation of the participating actors’ activity. Blumer (1969) emphasized the 
collective nature of such joint action as follows: 

A joint action, while made up of diverse component acts that enter into its 
formation, is different from any one of them and from their mere aggregation. 
The joint action has a distinctive character in its own right, a character that lies 
in the articulation or linkage as apart from what may be articulated or linked. 
Thus, the joint action may be identified as such and may be spoken of and 
handled without having to break it down into the separate acts that comprise it. 
(p. 17) 

Blumer further pointed out that it is important to recognize that “the joint action of 
the collective is an interlinkage of the separate acts of the participants” (p. 17). As 
such, it has to undergo a process of formation and, even though it may be well 
established as a form of social action, each instance of it has to be formed once 
again. Consequently, the meanings and interpretations that underlie joint action are 
continually subject to challenge. As a result, both individual actions and the joint 
(collective) action of a group can change over time. Furthermore, this view of joint 
action supports the position that social rules, norms and values are upheld by a 
process of social interaction and not the other way around. 

A second defining principle of symbolic interactionism, in addition to the centrality 
of interpretation, is that meaning is seen as a social product. Blumer (1969) 
elaborated this point as follows: 

It [symbolic interactionism] does not regard meaning as emanating from the 
• intrinsic makeup of the thing that has meaning, nor does it see meaning as 

arising through a coalescence of psychological elements in the person. Instead, it 
sees meaning as arising in the process of interaction between people. The 
meaning of a thing for a person grows out of the ways in which other persons 
act toward the person with regard to the thing. Their actions operate to define 
the thing for the person. Thus, symbolic interactionism sees meaning as social 
products, as creations that are formed in and through the defining activities of 
people as they interact, (pp. 4,5) 

This view of meaning has important implications for how we interpret the results of 
classroom discursive activity. Since meanings grow out of social interaction, each 
individual’s personal meanings and understandings are formed in and through the 
process of interpreting that interaction. Nevertheless, normative understandings are 
constituted. It is as these normative understandings are constituted that students 
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develop their own interpretations of them. What we mean by saying that these 
understandings are normative is that there is evidence from classroom dialogue and 
activity that students’ interpretations are compatible. It is in this sense that we say 
that students’ interpretations or meanings are “taken-as-shared” (Cobb, Wood, 
Yackel, & McNeal, 1992). 

Explanation and Justification 

In this paper my interest is in explanation and justification as social constructs 
rather than as individual constructs. In this case, they are considered to be aspects of 
the discourse that serve communicative functions and are interactively constituted 
by the teacher and the students. Explanation and justification are distinguished, in 
part, by the functions they serve. Students and the teacher give mathematical 
explanations to clarify aspects of their mathematical thinking that they think might 
not be readily apparent to others. They give mathematical justifications in response 
to challenges to apparent violations of normative mathematical activity (Cobb et al., 
1992). For example, consider the task “How can you figure out 16 + 8 + 14?” If a 
child responds, “I took one from the 16 and added it to the 14 to get 15 and 15; then 
I added the 15 and 15 to get 30, and the other 8 to get 38,” we would infer that she 
was explaining her solution to others. However, a challenge that “you first have to 
add the 16 and the 8 and then add 14 to that sum” is a request for a justification. 

Classroom norms that relate to mathematical explanation and justification are both 
social and sociomathematical in nature. Norm is a sociological construct and refers 
to understandings or interpretations that become normative or taken-as-shared by 
the group. Thus, norm is not an individual but a collective notion. One way to 
describe norms, in our case, classroom norms, is to describe the expectations and 
obligations that are constituted in the classroom. 

By analyzing data from our initial teaching experiments, we were able to identify a 
number of social norms that characterized classroom interactions. These include 
that students are expected to develop personally-meaningful solutions to problems, 
to explain and justify their thinking and solutions, to listen to and attempt to make 
sense of each other’s interpretations of and solutions to problems, and to ask 
questions and raise challenges in situations of misunderstanding or disagreement. In 
saying that these social norms characterized the classroom interactions, I mean that 
these ways of acting and of interpreting the actions of others became taken-as- 
shared. In subsequent classroom teaching experiments we had the constitution of 
these norms as an explicit goal. It is evident that each of these norms relates 
specifically to explanation and justification when taken as social constructs, as 
described above. 

We were also able to identify normative aspects of interactions that are specific to 
mathematics. These we called sociomathematical norms (Yackel & Cobb, 1996). 
Normative understandings of what counts as mathematically different, sophisticated, 
efficient and elegant are examples of sociomathematical norms. Similarly, what 
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counts as an acceptable mathematical explanation and justification is a 
sociomathematical norm. The distinction between social norms and 
sociomathematical norms is subtle. For example, the understanding that students are 
expected to explain their solutions is a social norm, whereas the understanding of 
what counts as an acceptable mathematical explanation is a sociomathematical norm. 

We might ask how notions such as what counts as an acceptable explanation come to 
have meaning for students. To answer this question, we return to the symbolic 
interactionist position on meaning. This position is that meaning arises through 
interaction. Accordingly, the meaning of acceptable mathematical explanation is not 
something that can be outlined in advance for students to “apply.” Instead, it is 
formed in and through the interactions of the participants in the classroom. As with 
all normative understandings, both explicit and implicit negotiations contribute to 
developing these understandings. 

Elsewhere, I have documented second-grade children’s evolving understanding of 
mathematical explanation and justification (Yackel, 1992; Yackel & Cobb, 1996). 
That analysis showed that initially children had to learn that their explanations and 
justifications needed a mathematical, rather than a social, basis. In that instance, the 
teacher initiated explicit discussions with the children about the basis for their 
explanations. For example, early in the school year a pupil changed her answer 
when the teacher asked the class if they agreed with her. In the subsequent 
discussion she revealed that she had interpreted the teacher’s question as indicating 
that she had made an error. The teacher then used this as a paradigm case to discuss 
his expectation that students’ answers should be based on mathematical reasoning 
with their explanations reflecting that reasoning. As the school year progressed 
students’ explanations increasingly took on the character of descriptions of actions 
on objects that were experientially real for them. This expectation was both 
constituted and sustained, in part, through challenges that the students and the 
teacher made to explanations that described procedures. For example, when adding 
quantities such as 13 and 12 to get 25, explanations such as, “One and 1 are 2 and 3 
and 2 are 5,” were challenged by remarks such as, “That’s a ten and that’s another 
ten, and that’s 20. And the answer is 25.” Finally, by the end of the school year, 
some students took explanations as explicit objects of reflection and made comments 
such as, “How can someone understand what you mean? They don’t know what 
you’re referring to.” The students making these challenge were taking the 
explanations as entities in and of themselves and were commenting on their overall 
potential as acts of communication within the classroom discourse. As with social 
norms, in subsequent teaching experiments we had the constitution of specific 
sociomathematical norms as an explicit goal, for example, that explanations should 
describe actions on objects that are experientially real for the students. 

Argumentation 

As noted earlier, my interest is in mathematical explanation and justification as 
interactional accomplishments and not as logical arguments. The focus is on what 
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the participants take as acceptable, individually and collectively, and not on whether 
an argument might be considered mathematically valid. In this sense my interest is 
in what Toulmin (1969) calls substantial rather than logical argument. 

Krummheuer s work on argumentation (1995) provides the background for the 
approach I take. In his study of the ethnology of argumentation, Krummheuer 
analyzes argumentation using Toulmin’ s scheme of conclusion, data, warrant, and 
backing. According to this scheme, the conclusion is a statement that is made as 
though it is certain. It is a claim. The support one might give for the conclusion is 
the data. Warrant refers to the rationale that might be given to explain why the data 
are considered to provide support for the conclusion. Backing provides further 
support for the warrant, that is, the backing indicates why the warrant should be 
accepted as having authority (Toulmin, 1969). Krummheuer uses the notions of 
conclusions, data, warrants, and backing to explicate how argumentation is an 
interactive constitution of the participants. For him, an argumentation in any given 
situation contains several statements that are related to each other in a specific way 
and that by this take over certain functions for their interactional effectiveness” 
(Krummheuer, 1995, p. 247). Statements do not have a function apart from the 
interaction in which they are situated. Thus, what constitutes data, warrants, and 
backing is not predetermined but is negotiated by the participants as they interact. 

I have demonstrated previously (Yackel, 1997) that this approach to argumentation 
is useful as a methodological tool for documenting the collective learning of a class 
because it provides a way to demonstrate changes that take place over time. Further 
it helps to clarify the relationship between the individual and the collective, that is, 
between the explanations and justifications that individual students give in specific 
instances and the classroom mathematical practices 3 that become taken-as-shared. As 
mathematical practices become taken-as-shared in the classroom, they are beyond 
justification and, hence, what is required as data, warrants and backing evolves. 
Similarly, the types of rationales that are given as data, warrants, and backing for 
explanations and justifications contribute to the development of what is taken-as- 
shared by the classroom community. For example, in one second-grade classroom, 
explanations of solution methods that involved using thinking strategies became 
more cryptic over time. For a problem such as 5 + 6 = _, students initially gave 
explanations such as, I know that 5 and 5 is 10 and 6 is just one more; it’s just one 
more on the 5, so the answer is 11; one more than 10.” Later a typical explanation 
was “5 and 5 is 10 so its 11.” In this case, when explanations of the second type are 
no longer questioned, we can assume that the warrant and backing provided in the 
earlier type of explanation are now taken-as-shared. 4 At the same time, it is through 
explanations of the earlier type that the taken-as-shared understandings develop. 



]assroom mathematical practices refers to the collective development of the classroom community 
i>ee Cobb (1998) for a discussion of this construct and for an illustrative example. 

It could be argued that students might not question this type of solution because they are disinterested or simply do not 
want to ask a question. We can rule out these possibilities in this case because of the classroom social norms that were 
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